This paper reports on a study concerned with the numerical simulation of dough kneading that arises in the food processing industry. The flows considered are in a complex domain setting. Two dough mixers running at various rotation speeds are studied; one with a single stirrer, the other with two stirrers.
INTRODUCTION
This article reports on a study concerned with the numerical simulation of doughkneading that occurs in food processing industry. Flow in a rotating cylinder is investigated when the fluid is mixed in a cylinder with a stirrer. There has been a considerable amount of studies on flow between eccentric rotating cylinders as that is appropriate to journal bearings. Background literature is heavily cited in the paper by Beris et al. [1] , for which it is assumed that the fluid inertia is negligible and the clearance gap is small compared to the radii of the cylinders. However, in many practical applications, inertial effects are significant. Some of the relevant literature is cited below. Xue et. al [2] have simulated Newtonian and viscoelastic problems in three-dimensional time dependent flow using an implicit finite volume formulation. They focused on swirling flows in a confined cylinder with a rotating bottom lid. The suitability of different constitutive models for viscoelastic fluids is also discussed. Atobe [3] has reported chaotic motion of fluid particles in Stokes flow between two counter-rotating eccentric cylinders. Kim [4] has developed a mixed Galerkin technique with B-spline basis functions to compute two-dimensional incompressible flow between eccentric rotating cylinders. Dai et al. [5] examined the effects of coupling the equations of motion and energy by allowing variation in fluid viscosity with temperature, for flow between eccentric, rotating cylinders. Christie et al. [6] have analysed flow of a slightly non-Newtonian fluid between eccentric rotating cylinders. Prakash and Kokini [16, 17, 18] studied the shear-rate and velocity distribution in a model mixer using Laser-Doppler Anemometry (LDA).
They observed high shear-rates in the region near blades and the values ranged from 0 to 400 s − 1. Based on these data, an equation to predict shear-rate distribution in the model mixer was developed. Other researchers [19] have reported mean shear-rates ranging from 10 to 10 The present study is aimed at developing an algorithm to simulate the types of flow which are encountered in the food processing industry. In particular, those arising within the context of stirring and kneading of dough-based materials. Finite element methods for incompressible viscous flows have been implemented for dealing with non-Newtonian materials, under transient and isothermal conditions within a three-dimensional cylindrical polar coordinate system. The fluid material is driven by one or two stirrers, fixed to a lid that is placed upon a cylindrical vessel. The stirrers may be positioned in concentric or eccentric arrangement with respect to the axis of the vessel. As an alternative to conventional mixer protocol, the motion is assumed to be driven by the rotation of the vessel, as opposed to the stirrer, to avoid the complications arising from moving the stirrers through the mesh. Finally, we demonstrate how the equivalence in driven-motion may be established. The rotation path of the stirrers is about the center of the vessel. Both horizontal and vertical vessel orientations are considered to accommodate different types of stirring, as arise typically in biscuit or bread-producing processes. The quality of the final product, depends on the right balance of mechanical energy within the mixer. From the velocity profile, velocity gradients are estimated, and then the local shear-rate values are calculated.
From these data, the local rate-of-work done and torque are computed.
The simulation procedure addresses the numerical solution of the fully three-dimensional generalised Navier-Stokes equations for incompressible flows. This involves a so-called Taylor-Galerkin finite element formulation, which applies a temporal discretisation in a Taylor series prior to a Galerkin spatial discretisation. A semi-implicit treatment for diffusion is employed to address linear stability constraints. Full details on this scheme have already been published extensively in the literature [8, 9] . The flow is modeled as incompressible, via a pressure-correction scheme. An inelastic model with shear-rate dependent viscosity is incorporated, though this is extended to consider viscoelastic fluids elsewhere [14, 15] .
GOVERNING EQUATIONS AND NUMERICAL SCHEME
For Newtonian and incompressible isothermal flow, the generalised momentum and continuity equations may be expressed as:
where variables velocity (U) and pressure (p) are defined over space and time with time derivative represented as (U t ). Material properties are given via density (ρ) and
The following characteristic scales are used for non-dimensionalisation: length L,
. We may define the following dimensionless variables and differential operators:
where µ c is a reference viscosity. Substitution of the above dimensionless variables and differential operators into equations (1) and (2) yields the non-dimensional NavierStokes equations. Discarding * notation for brevity, such a system may be expressed in the following form:
∇.U = 0.
Here, Re =
, is the non-dimensional group called Reynolds number and the zeroshear-rate viscosity (µ 0 )is taken as the characteristic viscosity (µ c ). 'F' represents the non-dimensional coefficient for the gravity term which is defined as F=
A semi-implicit time stepping procedure, namely, a Taylor-Galerkin/pressure-correction finite element scheme [8, 9] is employed to solve the governing equations relating to the conservation of mass and momentum. The Taylor-Galerkin /pressure-correction scheme is a fractional-step method derived through Taylor series expansions in time up to second-order and a two-step predictor-corrector scheme is employed. Governing equations are discretised spatially via a Galerkin finite element method. The flow domain is divided into a tetrahedral mesh. Piecewise-linear interpolation is invoked for pressure and quadratic interpolation for velocity over the finite elements. The algorithm follows closely our previously published work [8, 9] . Here, the generalised Newtonian fluid description is invoked to describe the viscous properties of the material, according to a Carreau-Yasuda model. This model supports shear-thinning properties and is represented through the viscosity function µ(γ), as
The particular material parameters chosen in the present study are µ 0 = 1.05 Pa.s, µ ∞ = 0.001 Pa.s, λ = 0.083 s and m = 0.62. µ 0 is a limiting viscosity at low shear rates, and µ ∞ is an asymptotic value of viscosity at large shear rates (second Newtonian plateau);γ is the shear-rate, m is a power-law index and λ is a material constant.
The Taylor-Galerkin algorithm has three fractional-stages per time-step as follows. by Jacobi iteration.
Adopting quadratic and linear interpolations, U(x,t) and p(x,t) may be expressed as
The equations in fully-discrete form may be represented in the following notation, Stage 1a:
Stage 1b:
Stage 2:
Stage 3: pressure stiffness matrix and divergence pressure gradient matrix, respectively. The detail on the above matrices in an (r,θ,z) co-ordinate system is given as:
where dΩ = rdrdθdz; i,j,k = 1,2,3. After solving for velocities and pressure in the flow field, shear-rate (γ), extension-rate (˙ ), rate-of-work done (ẇ) and torque (T q ) are computed, using the relationships,
Here, I 2 and I 3 are the second and third invariants of the rate-of-strain tensor(D),
where 
Above, P w is the power, τ is the stress tensor, U is the velocity vector, Ω is the fluid volume, t is the time and ω is the rotational speed of the vessel per second. Localised rate-of-work done,ẇ(t, x), may be interpreted as the integrand of equation (27).
PROBLEM SPECIFICATION
Three types of stirring configurations are considered. With one stirrer, this may be placed in either concentric or eccentric location with reference to the central (vertical) axis of the vessel. A third instance is one with two stirrers. This is an analogue of the one-stirrer eccentric case, where the second stirrer is positioned symmetrically opposite to the first across the vessel. The fluid is driven by the outer vessel wall and fixed at the top of the vessel by a lid, as illustrated in Figures 1(a-b) . The computer program developed, based on the above mentioned algorithm, agrees with the analytical solution [20] for flow in a rotating cylinder with a concentric stirrer. Finite element solutions for velocity and pressure is found to be within 0.1%. The concentric scenario was introduced in order to validate the computer code against the background theory. are employed, where
< , for solution nodal vector χ n at time step n.
RESULTS AND DISCUSSION
Numerical simulations for the above two types of mixer designs have been conducted The pattern of flow is seen to twist counter-clockwise away from the horizontal axis, through the center of the stirrer as speed of rotation (counter-clockwise) increases.
With increase in speed, the pattern of flow is seen to contort and twist in an asymmetrical fashion. With the two-rod geometry, a pair of vortices emerge at the centre, driven by separating flow around each stirrer. Again, the flow pattern is seen to con- and hence the pressure tends to be maximum at the bottom part of the geometry.
When the stirrer is placed in eccentric position with respect to the axis of the vessel, as seen in figs. 7b and 7c, the maximum pressure peaks at the upper part of the geometry. This is the region where the fluid experiences compression because of the anti-clockwise direction of rotation of the vessel. The reverse scenario is observed when the direction of rotation is changed from counter-clockwise to clockwise. In the non-concentric cases, the flow kinematics dominates the body force and hence, the maximum is observed in the flow zone prior to the stirrers where the fluid gets compressed and the minimum in the region post-stirrer where it expands. Similar structure is observed in the two-stirrer instance, with symmetry introduced about the stirrers.
In the two-dimensional horizontal slice shown in figs. 5(b-c) , maximum values of shear-rate and rate-of-work done are observed in the narrow region between the vessel and the stirrer. Since the stirrer is stationary and the vessel is rotating, velocity gradients peak around the stirrer, particularly in the constricted gap section between the stirrer and the vessel wall. Hence, more shearing and stretching of the fluid occurs in this region and the rate-of-work done peaks to a maximum there. In a qualitative sense, the total rate-of-work can be segregated into shear and extension components respectively as depicted in figs. 8(a-d) for the two geometries. That is, associating extension and shear aligned with the orthogonal cylindrical coordinate system. From these figures, it is apparent that the contours of rate-of-work done due to shear concentrate at the centre of the narrow-gap between the stirrer and the vessel, whereas the contours of rate-of-work done due to extension spread around the stirrer. For the one-stirrer case, the extensional rate-of-work contribution peaks at about one half of that due to shear at entry to the narrow-gap between the stirrer and the vessel, see
figs. 8a and 8c. In the two-stirrer instance, the extensional rate-of-work peak is about one third of that due to shear. Hence, greater extensional work can be attributed to the one-stirrer version and it is this portion that is perceived to maximise build-up of material structure through kneading. The clear preference is therefore established of the mixer design with an asymmetric stirrer option. At the onset of motion (t=0), torque is at a maximum due to fluid and stirrer resistance against the vessel motion. For an equivalent speed, the magnitude of torque is seven percent higher for the two-stirrer case, at a typical speed setting of Re=8 (50 rpm).
There is an increased resistance arising from the presence of a second stirrer. Since the torque reflects the complete field contributions of the rate-of-work done, its magnitude In related work [13] , we go further and address part-filled scenarios in two and three dimensions and the phenomena associated with wetting-and-peeling boundary contact. There, an arbitrary Lagrangian-Eulerian method is used to deal with freesurfaces. Elsewhere [14, 15] , more complicated material representation is incorporated, so that systems are introduced which more closely reflect the properties of dough (viscoelastic).
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